Homework #2
(Planning with a Known Model and
Learning from a Stream of Data)

INF8250AE — Introduction to Reinforcement Learning
(Fall 2025)

Deadline: Wednesday, November 5, 2025 at 16:59.

Submission: You need to submit two files through Gradescope. One is a PDF
file including all your answers and plots. The other is a source file that reproduces
your answers. You can produce the PDF file however you like (e.g. KTEX,
Microsoft Word, etc) as long as it is readable. Points will be deducted if we have
a hard time reading your solutions or understanding the structure of your code.
If the code does not run, you may lose most/all of your points for that question.

Late Submission: 10% of the marks will be deducted for each day late, up to
a maximum of 3 days. After that, no submissions will be accepted.

Collaboration: Homework assignments can be done in a group of at most two
students. You must clearly specify the role of each team member in solving the
assignment.



Exercise 1. [10pt] — Convergence Rate of Value Iteration

We have proved that the Value Iteration (VI) algorithm (Vi1 < T*Vi; and similar
for T™) is convergent, that is, Vi, — V* as k — 0o. But we have not shown how fast it
converges. The goal of this exercise is to prove the convergence rate of VI.

1. [5pt] Show that ||V, — V*| o < v ||Vic1 — V¥ .-
2. [5pt] Use the previous inequality to prove an upper bound in the form of
Vi =Vl < () IVo = V7
The quantity (?) should be a function of k and 7.

Whenever you use a non-trivial result, you need to refer to the exact source of it in
the Foundations of Reinforcement Learning book (lemma or theorem name + section
number); otherwise, you may lose some marks. If you use the Bellman-Feynman-
Gouraud lemma, you need to explain what it is. Include the word “Geppetto” at the
end of your solution.

Exercise 2. [10pt] — Linear Programming In deriving the Linear Programming-
based formulation for finding the optimal value function V*, we started our argument
from considering the value functions satisfying V> T*V . Now suppose that we start
the argument from V < T*V and define C' ={V : V < T*V } instead of C.

1. [Apt] What is the relation of any V € C" compared to the optimal value function?
Prove 1t.

2. [4pt] What is the optimization problem required in finding the optimal value
function? It should be similar (but not exactly the same) as what is described in
the textbook.

3. [2pt] Is this optimization problem a linear program? Justify your answer.

Whenever you use a non-trivial result, you need to refer to the exact source of it in
the Foundations of Reinforcement Learning book (lemma or theorem name + section
number); otherwise, you may lose some marks.

Exercise 3. [10pt] — Convergence of TD

We have proved the convergence of the Q)-Learning algorithm. In this exercise, you
prove that the TD learning, used for policy evaluation, generates a sequence of value
functions V; that convergences to V™. We focus on finite state-action MDPs. You
can simply follow the result and the proof in the textbook and modify them accordingly.
Your solution should have the following parts:

1. [3pt] A clear statement of the theorem. The theorem should have all the required
conditions, i.e., it should be a standalone mathematical statement.



2. [Tpt] A complete proof (it should closely follow the proof for the Q-Learning
algorithm).

Exercise 4. [10pt] — Short Questions

1. [6pt] Consider the Stochastic Approzimation conditions:

o o
E Qy = 00, g af < oo.
t=0

t=0

e [2pt] Does oy = «v (constant) satisfy these conditions? Prove it!

e [2pt] Verify that the sequence oy = satisfies these conditions.

1
t+1

e [2pt] Let ay = ﬁ For what range of p these conditions are satisfied?

2. [2pt] What is the difference between an on-policy and off-policy sampling scenar-
108?

3. [2pt] Is Q-Learning an on-policy or an off-policy algorithm? Why?



Figure 1: Taxi Driver Agent — Image credit: https://gymnasium.farama.org/
environments/toy_text/taxi/

You are a developing an Al system to dispatch and navigate taxis working in a busy
grid world.! The task is to pick up passengers at one location and drop them off at
their destination. The map is divided into several designated pick-up/drop-off points
marked by letters R, G, B, and Y. Each episode begins with the taxi in a random
position and the passenger at one of these designated points. Your goal is to design an
Al system that allows the taxi to navigate the grid efficiently, pick up the passenger,
and deliver them safely to their destination.

Rewards are defined as follows:

e +20 for a successful drop-off at the destination
e —1 for each time step (to encourage efficiency)
e —10 for illegal pick-up or drop-off attempts

We will solve this problem by formulating it as a discounted MDP with v = 0.9.
In the next couple of exercises, we will go through both Planning-based and Learning-
based approaches to solve this problem.

!'Environment details and description are from: https://gymnasium.farama.org/environments/
toy_text/taxi/


https://gymnasium.farama.org/environments/toy_text/taxi/
https://gymnasium.farama.org/environments/toy_text/taxi/
https://gymnasium.farama.org/environments/toy_text/taxi/
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We have provided a started code for interacting with the environment and imple-
menting algorithms. Note that we create the environment using

env = gym.make("Taxi-v3", render_mode="ansi", is_rainy=True, fickle_passenger=True)

in order to have its stochastic version. You can run the code on Google Colab (https:
//colab.research.google.com/) or locally. If running locally, you may need to install
Gymnasium.

Exercise 5. [10pt] — Understanding the Environment and Monte Carlo Pol-
icy Evaluation

1. [5pt] Examine the state and action spaces of the Taxi environment. How many
distinct states are there? What are the possible actions, and what do they repre-
sent?

2. [5pt] Let’s run some simulations. Executing a randomly-generated policy is a
good way to familiarize yourself with a new environment. Generate a randomly-
generated deterministic policy Trana.; (this is a deterministic policy whose action
at each state is selected from a uniform probability over actions) and run 100
episodes starting from an initial state xo. You choose this initial state yourself.
Compute the average and the variance of the discounted return (starting from
xo) as well as the empirical frequency of successful drop-offs. This would be the
Monte Carlo method for Policy Evaluation. Now repeat the same experiment
with 4 other randomly-generated policies Trand.2, - - -, Trand-5 (SO in total, you Tun
5 x 100 = 500 episodes). Briefly discuss your findings by comparing the average
and variance of the returns among these five policies.

Exercise 6. [15pt] — Value Iteration

Let’s implement the Value Iteration algorithm and apply it to the Taxi MDP. Your
algorithm should generate a sequence of action-value functions Qy following the VI
procedure. It also generates the sequence Vi, defined as Vi(r) = max,eq Qr(z,a) (for
all x € X ), the value selected by the greedy policy m,(Qx)

1. [5pt] Plot the value estimate Vi(z) for several choices of x as a function of k.
As a rule of thumb, let k be up to =~ fw with a ¢ about 5 — 10. Observe the

1
behaviour of the value approrimation Vi for those states as a function of k. Do

they converge? Do they get monotonically closer to the convergent point?

2. [5pt] Plot the mazimum change in the value function between two consecutive
iterations (that is, ||Qr — Qr-1ll..), as a function of iteration k. Ezplain how
this plot demonstrates convergence.

Hint: Does smallness of ||Q) — Qr—1||,, imply anything about ||Qr — Q*[|_.7
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3. [5pt] Write a function to visualize the learned policy using arrows or action labels
for each grid cell.

Since it might be difficult to visualize all states of this MDP on a grid, write your
function to accept the Passenger Location and Destination as its input arguments,
and visualize the policy over the tazi location for that particular choice of Location
and Destination.

Visualize your result for several representative choices of Passenger Location and
Destination. Include (Passenger Location = R, Destination = B) and (Passen-
ger Location = B, Destination = R) as two particular examples. Comment on
whether the resulting policy makes intuitive sense given the map layout and traffic
structure.

Hint: For this part of the question, it is OK for you to get the help of LLMs to
write down this visualization function.

Exercise 7. [20pt] — Policy Iteration

The goal of this exercise is to implement the Policy Iteration algorithm and apply it
to the Taxi environment. It is helpful to have a separate function for Policy Fvaluation
that receives a policy m and returns Q™ and V™ (up to some small numerical errors,
for instance, less than 107°), as it will be used several times in this question and the
next one. Note that V™ (z) = Q" (z, 7(z)).

1. [3pt] Select the same randomly generated policies Trgng.1, - - -, Trand-5 from Ezer-
cise 5 and run your Policy Evaluation code. Report V™randi(xy) (use the same
initial state). Are they close to the estimates you obtained in Exercise 57 How
much difference do they have? What is the source of difference?

2. [3pt] Write a function that reports the value function over the grid (taxzi location)
for a given (Passenger Location, Destination). Report the result for (Passenger
Location = R, Destination = B) and (Passenger Location = B, Destination =

R).

3. [2pt] To get a better sense about the overall performance of a policy m over the
state space, we can calculate the average value over the state space:

Vir) 2 % S V(). 1)

reX
Compute and report V(T ana.i) fori=1,...,5.

4. [2pt] Perform one step of Policy Improvement for each of the randomly-generated
policies and evaluate the resulting policy. That is, the improved policies are
mrew, < m,(Q i), and their value function is V™anai. Report V(mle, ). And
then compare V (Tpana.i) with V(e ).



5. [Bpt] Run the Policy Iteration algorithm until convergence. You can choose your
initial policy arbitrarily. Plot value V™ (xq) at the initial state versus iterations k.
Also visualize the value function V™ for (Passenger Location = R, Destination
= B) across a few iterations of k. We want to see how the value function of the
policy changes across the iterations of PI.

6. [3pt] Repeat the previous part (the full PI) with v = 0.5 and v = 0.99. How does
the discount factor affect the convergence speed and the learned policy?

7. [2pt] Compare the final policies obtained by value iteration and policy iteration.
Do they have identical value functions and optimal policies? Fxplain any observed
differences.

Exercise 8. [15pt] — Q-Learning

The goal of this exercise is to implement an RL algorithm and apply it to the Taxi
driver problem. Since this is an RL algorithm, we do not use any knowledge of the
underlying transition and reward model, and only use data obtained by interaction with
the world (except for some evaluations, as will be specified).

You shall use the Q-Learning algorithm in this exercise. In your implementation of
Q-learning, the behaviour policy (the action selection mechanism of the agent) should
be the e-greedy policy. If multiple actions have the same value, you should select one
uniformly randomly (note that np.argmaz selects the first action).

1. [5pt] Run the Q-learning algorithm and plot the return of each episode as a
function of the episode number. You can smooth the returns using a sliding
window of, for example, 10 episodes. You are free to choose your hyperparameters
for the learning rate o and the exploration parameter €.

2. [2pt] Visualize the value function after 100, 1000, 10000 episodes. As before, to
visualize the value function, you can set (Passenger Location, Destination) to a
specific value, for example, (Passenger Location = R, Destination = B), and use
the same function you implemented in Ezxercise 7.

3. [3pt] Each Qi gives us a greedy policy m,(Qy). The value of this greedy pol-
icy is V™9(@%) which can be computed using the Policy Evaluation function you
developed in Ezxercise 7 (to perform PE exactly, use P and r).

Plot V(m,(Qk)) (1), the value of the greedy policy w.r.t. Q, averaged over the
state space, until convergence. To save computation time, you do not need to
perform this for each k. Instead, you can calculate it every 10 episodes or so (the
exact choice is yours).

4. [bpt] Study the effect of learning rate o and € of the e-greedy algorithm on the
Q Learning algorithm. For instance, you might want to change the initial value
of € or a. Or you can gradually decay the learning rate or € (so that the policy is
progressively more greedy over time).



